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Photonic states with large and fixed photon numbers, such as Fock states, enable quantum-enhanced metrol-
ogy but remain an experimentally elusive resource. A potentially simple, deterministic and scalable way to
generate these states consists of fully exciting N quantum emitters equally coupled to a common photonic
reservoir, which leads to a collective decay known as Dicke superradiance. The emitted N -photon state turns
out to be a highly entangled multimode state, and to characterise its metrological properties in this work we:
(i) develop theoretical tools to compute the Quantum Fisher Information of general multimode photonic states;
(ii) use it to show that Dicke superradiant photons in 1D waveguides achieve Heisenberg scaling, which can be
saturated by a parity measurement; (iii) and study the robustness of these states to experimental limitations in
state-of-art atom-waveguide QED setups.
Quantum metrology exploits quantum resources, such as
squeezing and entanglement, to enhance the precision of mea-
surements beyond the capabilities of any classical scheme [1–
4]. Given N probes to estimate an unkown parameter ϕ, clas-
sical measurements are limited by the shot-noise limit (SNL)
∆ϕ = 1/
√
N , whereas entangled probes can surprass this
bound possibly reaching the Heisenberg limit (HL), ∆ϕ =
1/N , which in fact provides the ultimate bound on sensitivity.
In atomic ensembles, achieving quantum-enhanced metrology
with relatively large particle numbers appears possible [5–
13]. The situation becomes more challenging when deal-
ing with photonic states in optical interferometry. Squeezed
states, a well known-resource [14], are very challenging to
scale up, with current demonstrations being at the few-photon
level [15, 16]. States with a well-defined photonic number,
e.g. NOON [17] and twin-Fock [18] states, also constitute
a powerful resource, which has been experimentally tested
for few-photons states [19–21]. Yet, current experimental
methods to generate these states are limited by both low fi-
delities and efficiencies, since they are based in combining
heralded single-photons with post-selection, which naturally
leads to an exponential decrease of the efficiency with increas-
ing N [22, 23].
A promising approach for generating multiphoton states in
a deterministic, efficient and scalable manner are quantum
emitters coupled to photonic waveguides [24–32]. In these
setups, the waveguide decay rate, Γ1d, can exceed the free
space one, Γ∗, and naturally enhance the photon collection
efficiency of the system. On top of that, when all the quan-
tum emitters couple equally to the waveguide, their dynam-
ics is described by the celebrated Dicke model [33], which
predicts an additional collective enhancement of the waveg-
uide decay rate. Given N emitters in the waveguide and m
collective atomic excitations, previous studies focused on the
regime m  N [34], where the m collective excitations de-
cay into a single-mode m-photon wavepacket with an error
scaling as εlin ∼ mΓ∗/(NΓ1d). The main limitation of this
regime arises in the preparation of the initial state, since creat-
ing a fixed numberm of collective atomic excitations requires
the use of sophisticated protocols [35–37].
A conceptually and experimentally simpler approach con-
sists of exciting all the quantum emitters, i.e., m = N . In this
regime, the emitters experience a non-linear decay, known as
Dicke superradiance, leading to a multimodal structure of the
emitted N -photon wavepacket [35], which can be generally
written as:
|φ(N)A 〉 =
∫
...
∫
dk1...dkN
(2pi)NN !
A{k}a
†
k1
. . . a†kN |0〉, (1)
where a†ki is the creation operator of a waveguide photon of
momentum ki. The coefficient A{k} = Ak1,k2,···kn character-
izes the multimodal structure of the wavepacket. In contrast
to the case of linear decay processes [34], it is not factoriz-
able, A{k} 6=
√
N !Ak1 · · ·Akn . This protocol uses all possi-
ble excitations while having a particularly simple initial state,
making it very attractive for experiments. However, the multi-
mode form of the emitted state prevents the direct use of pre-
vious results in quantum optical metrology [1–4]. In fact, the
potential of Dicke superradiant states for metrology has not
been addressed so far, despite being a promising candidate.
In this work, we show that one-dimensional Dicke super-
radiant states achieve Heisenberg scaling as [∆ϕ]Dicke ≈
0.41/N , performing only slightly worse than Fock states,
[∆ϕ]Fock ≈ 0.5/N . Furthermore, we characterize the ro-
bustness of Dicke superradiant states to several experimen-
tal error sources, showing how they are particularly robust to
photon losses with an error scaling as εnl ∝ log(N)Γ∗/Γ1d,
for Γ1d  Γ∗. Thus, for a given ratio Γ1d/Γ∗, and de-
sired error, εnl, our protocol can potentially generate up to
N ∼ exp(εnlΓ1d/Γ∗) photons, paving the way for efficient
and scalable quantum-enhanced metrology protocols. To ob-
tain these results, we develop theoretical tools to characterise
the metrological properties of general multimode states of the
form (1) in Mach-Zender interferometry. We illustrate their
potential in multimodal photonic states created in anharmonic
cavities [38], which we show to allow for quantum-enhanced
metrology without reaching Heisenberg scaling, and envisage
they can be readily applied to other multimode states that ap-
pear in relevant experimental setups, such as biexciton emis-
sion in quantum dots [39].
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FIG. 1. General scheme of the protocol: two emitter ensembles are
coupled collectively to two waveguides connected to the A/B ports
of a Mach-Zehnder interferometer.
Quantum optical interferometry. A paradigmatic task in op-
tical interferometry is the measurement of a phase ϕwith high
precision. The standard setup is the so-called Mach-Zehnder
interferometer depicted in Figure 1. The main resource of this
protocol is the initial photonic state, |ψ〉, impinging onto the
first beam splitter with input (output) ports A/B (C/D) with
annihilation operators a/b (c/d). The beam splitter can be de-
scribed as a unitary U¯BS(θ) = exp[θ(a†b − b†a)] with the
mixing angle θ. After this operation the photon can travel
in two different arms, acquiring a relative phase ϕ through
U¯ϕ = exp(−iϕ/2(c†c − d†d)). This results in a state |ψϕ〉,
which now contains information on ϕ. By applying a mea-
surement M on |ψϕ〉, the phase ϕ can be estimated with an
uncertainty ∆ϕ. In general, ∆ϕ depends on |ψϕ〉, M , and the
number of repetitions of the experiment ν. Assuming ν  1,
the Quantum Crame´r-Rao Bound [40, 41] gives a lower bound
for ∆ϕ that is independent of M , (∆ϕ)2 ≥ 1/νFQ[ψϕ],
where FQ[ψϕ] is the Quantum Fisher Information (QFI) [42]
of the state |ψϕ〉, FQ[ψϕ] = 4
(
〈ψ˙ϕ|ψ˙ϕ〉 − |〈ψ˙ϕ|ψϕ〉|2
)
. The
QFI characterises the potential of |ψϕ〉 for estimating ϕ with
an optimal measurement.
Let us illustrate the power of the QFI, with relevant ex-
amples in optical interferometry. For example, in classical
sources using coherent states, |ψcl〉 = |α〉A ⊗ |0〉B , the
QFI is at most proportional to the average photon number,
FQ ≤ N¯ , with N¯ = |α|2. The upper bound of the QFI,
given by the HL, FQ = N2, is obtained by NOON states [17],
|ψNOONϕ 〉 = 1√2
(|N0〉+ |0N〉eiNϕ), where |NuNl〉 indi-
cates the number of photons in the C/D path. The more ex-
perimentally friendly Twin-Fock States (TFS) [18], |ψTFSϕ 〉 =
U¯ϕU¯BS(pi/4)|N/2〉A ⊗ |N/2〉B , obtained when two Fock
states enter into the first beam splitter, also lead to Heisenberg
scaling with slightly worse slope,
FQ[ψ
TFS
ϕ ] =
N(N + 2)
2
. (2)
Furthermore, this bound can be saturated by a number-
resolved measurement [43] or a parity [44] measurement,
which is optimal for any bosonic state that is mode-
symmetric [45]. Many other two-mode quantum states en-
able quantum-enhanced metrology (see e.g. [46–48]), no-
tably including random bosonic states [49]. In the following
section, we go beyond the standard two-mode interferome-
try described above (see e.g. the review [4]), and analyse the
QFI when the input states of the interferometer are multimode
states of the general form (1).
Quantum Fisher information of multimode states. Let us
restrict our attention to the case where the initial state |ψ〉 =
|φNAA 〉 ⊗ |φNBB 〉 has a well defined photon number NA/B
at the A/B ports of the first beam splitter. The total pho-
ton number N = NA + NB is the metrological resource.
The states have the multimodal structure (1) with modal co-
efficients A{k}/B{q}, and where {k} = {k1, . . . , kNA} and
{q} = {q1, . . . , qNB} represent the internal degrees of free-
dom of the A/B wavepacket. In our case they are the momenta
of the photons in the A/B wavepackets, although the problem
is generally formulated.
Generalizing the beam splitter and phase operation to deal
with multimode variables: UBS(θ) = exp[
∫
dk
2pi (a
†
kbk −
b†kak)θ] and Uϕ = exp
[
−iϕ2
∫
dk
2pi (c
†
kck − d†kdk)
]
, we con-
sider states of the form |ψABϕ 〉 = UϕUBS(pi/4))|φ(NA)A 〉 ⊗
|φ(NB)B 〉. Exploiting the bosonic symmetry of the wavepack-
ets A{k}/B{k} under permutation, we simplify the QFI of
|ψABϕ 〉 to a very transparent formula (see Supplementary Ma-
terial Sec. I), FQ
[
ψABϕ
]
= 2NANBIAB +NA +NB . which
only depends on a single integral IAB :
IAB =
∫
...
∫ ∏NA,NB
i,j=1,1 dkidqj
(2pi)NA+NBNA!NB !
A∗k1,...,kNAB
∗
q1,...,qNB
×
Aq1,k2,...,kNABk1,q2...,qNB , (3)
where the two indices k1/q1 have been exchanged in one
of the coefficients. This formula is applicable to general
multimode photonic states of a fixed photon number, and in
the Supplementary Material Sec. I we extend it to situations
where the number of photons is only fixed in one input of the
interferometer. It is easy to see that in the single-mode case
IAB = 1, in agreement with previous results [43]. Let us now
focus on the case where the A/B wavepackets have the same
number of photons NA = NB = N/2 and the same modal
structure A{k} = B{k}. These twin multimode states (TMS),
denoted as |ψTMSϕ 〉, have a simple expression for the QFI,
FQ[ψ
TMS
ϕ ] =
N(INN + 2)
2
, (4)
where IN is the integral of Eq. (3) for NA = NB = N/2 and
A{k} = B{k}. Thus, a general multimode wavepacket will
beat the SNL as long as IN decays slower than 1/N , and reach
HL scaling if IN tends to a constant. Importantly, in Sec. II
of the Supplementary Material we show that the QFI saturates
for a parity measurement. Now we compute IN of two exper-
imentally relevant photonic states, Dicke superradiant states
and photonic states generated in anharmonic cavities.
3QFI of one-dimensional superradiant states. The first mul-
timode photonic states that we consider are the ones natu-
rally generated from N fully excited quantum emitters, de-
scribed as two-level systems {|g〉, |e〉}, with an optical tran-
sition coupled to a waveguide mode at a rate Γ1d. We fo-
cus on the so-called mirror configuration [30–32], in which
the emitter positions are fixed such that all of them interact
equally with the waveguide modes. In that configuration,
and assuming that the relaxation time-scales of the waveg-
uide are much faster than the time-scales of the system dy-
namics [50], the quantum emitter dynamics are governed by
the Dicke model [33] ρ˙ = i(ρH†eff − Heffρ) + Γ1dSgeρSeg ,
where ρ is the density matrix describing the quantum emitters’
state,Heff = ω0See−iΓ1d2 SegSge the effective non-Hermitian
Hamiltonian, and where we denote the collective emitter op-
erators as Sαβ =
∑
j |α〉j〈β|.
Interestingly, if we initialize the system to be fully excited,
|e〉⊗N , both the effective Hamiltonian and the quantum jump
terms Sge, Seg restrict the evolution to the fully symmetric
space. This guarantees that only N states participate in the
evolution, which can be classified depending on their number
of excitations, m, that we denote as |ψm〉 ∝ Smeg|g〉⊗N . From
Heff , note that these energy levels are linearly spaced, ωm =
mω0. The non-linearity of the process emerges from the decay
rates γm (associated to the transition |ψm〉 → |ψm−1〉) which
depend on the number of excitations as γm = m(N − m +
1)Γ1d. In particular, |ψm〉 decays as γm ∝ N at the beginning
and end of the process, while accelerating in the middle part,
where γN/2 ∝ N2, refered to as Dicke superradiance effect.
When all the emitters have decayed, the resulting photonic
state reads [35]
A{k}=
N∏
j=1
√
γj
i(jω0 −
∑j
i=1 ωki)− 12γj
+
{
ki ↔ kj
}
, (5)
where we use the notation
{
ki ↔ kj
}
to denote that the ex-
pression has to be symmetrized with respect to the momenta
kj . This wavepacket inherits the non-linearity from the decay
process as temporal correlations between the N photons, and
thus, it can not be factorized as a single-mode one.
We now study the metrological potential of the states (5).
For that, we consider a protocol where two ensembles with
N/2 emitters are placed at the input ports of a Mach-Zehnder
interferometer, as depicted in Fig. 1. Then, a simultaneous
collective pi-pulse is implemented in both ensembles, leading
to an emission of two heralded N/2-photon states: |φ(N/2)A 〉,
|φ(N/2)B 〉 [51]. For obtaining the QFI of this state, we need
to calculate the N -variable integral IN for A{k} defined in
Eq. (5). Note that there are (N/2)! terms in (5), which lead
to ((N/2)!)4 terms in the integral. The number of integrals
can always be reduced to (N/2)4 by noting that all variables
in IN are exchangeable except for q1 and k1 [52]. For the
A{k} in (5), we develop a recurrence relation which can be
efficiently computed for large N , consisting of a multiplica-
tion of N matrices of at most size 3N × 3N (see Sec. IV of
the Sup. Material). This allows for determining IN exactly
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FIG. 2. Scaling of (∆ϕ)2 with N for several situations discussed
along the manuscript. In solid blue/yellow we plot both the shot-
noise and Heisenberg limit, respective. In solid red, the scaling
of Fock states. In black squares, we plot the numerical results for
TMDS. In red/yellow triangles. we plot the numerical results ob-
tained of anharmonic cavities for U/N = 10/103, respectively.
for large N . With this method, we numerically obtain that IN
quickly approaches a constant IN ≈ 0.82 for the range of N
considered (up to approx. 500 photons). This has the impor-
tant consequence that the QFI of superradiant TMDS shows
the Heisenberg scaling:
FQ[ψ
TMDS
ϕ ] ≈ 0.41N2 +N. (6)
where TMDS stands for twin multimode Dicke states. In
Fig. 2, we plot (∆ϕ)2 of ψTMDSϕ in black squares, together
with Fock states (in solid red) showing how the multimodal
case has the same scaling, just with a slightly reduced pref-
actor. This is the most important result of this work, since
it provides a path towards efficient and scalable multiphoton
states useful for quantum metrology protocols.
Experimental considerations. Since there are currently
many platforms [24–32] with the potential to obtain superra-
diant photonic states, we analyze now the resilience of the QFI
to several experimental imperfections in the preparation stage.
We start by considering the main source of noise of these se-
tups which comes from the emission into modes other than
the waveguide ones, e.g., free-space or a different waveguide
polarization, that we embed into a single (individual) decay
rate Γ∗. This term takes the states |ψm〉 out of the collec-
tive subspace at a rate mΓ∗, so that it is especially critical
when the system is fully excited. The probability of emitting
N -collective photons, which translates into a photon state fi-
delity, can be estimated as the probability of no-jump in each
step:
p ≈
N∏
m=1
(
1− mΓ
∗
γmΓ1d
)
≈ 1− ln(N) Γ
∗
Γ1d
(7)
4which is a valid assumption as long as Γ1d  Γ∗ ln(N) and
N  1, like we numerically confirm through exact integra-
tion of the master equation (see Sec. V of the Sup. Material).
The resulting photonic state will be a mixed state which can
be written as: ρN,∗ = p|φ(N)A 〉〈φ(N)A |+ (1− p)σ1 where σ1 is
a convex combination of state with less than N photons in the
waveguide. Using two such mixed states as input of the inter-
ferometer, ρTMDS = ρN/2,∗ ⊗ ρN/2,∗, we can bound its QFI
by noting that the the QFI is non-negative and additive un-
der direct sum, obtaining FQ[ρTMDSϕ ] ≥ p2FQ[ψTMDSϕ ]. This
shows that, as long as we are in the limit Γ1d  Γ∗, the re-
sults become robust to photon loss with an error that increases
only logarithmically with N .
Let us now enumerate other error sources, and provide the
conditions under which they can be neglected (see Sec. V of
the Sup. Material for details). Absorption within the waveg-
uide (or scattering through imperfections) provides a finite
propagation length to the waveguide modes, Lprop, which
spoils the collective behaviour of the atomic interactions. To
be able to neglect this effect the propagation length must be
larger than the system size Lprop  Nλa, being λa the wave-
length of the waveguide modes determining the distance be-
tween QEs. State-of-art values for SiN waveguides [26] show
Lprop/λa ∼ 5× 104, such that this will be in general a small
correction. This finite lifetime of the waveguide modes also
leads to photon loss while the wavepacket propagates away
from the QEs. Furthermore, to neglect retardation effects,
the propagation timescales, ∼ Nλa/vg must be much shorter
than the shortest emitter timescale, that in this case occurs in
the middle of the superradiant decay, being proportional to
(Γ1dN
2/4)−1.
Another error sources is the deviation from the initial
atomic state, e.g., by an imperfect control of the timing, T ,
or laser amplitude, Ω, in pi-pulse, that we embed in a single
parameter ∆(ΩT ). If ∆(ΩT )
√
N  1, this translates into a
different initial state,≈
(
1− i∆(ΩT )√NSge
)
|e〉⊗N , which
leads to an error scaling as ∼ ∆(ΩT )2N . Other deviations
from the ideal setting are that the two QE ensembles couple
differently to the waveguide, ∆Γ1d = Γ1d − Γ′1d, or that the
wavepackets are emitted with a certain time delay, τ , rather
than simultaneously. Both deviations decrease the integral IN
in the following way: IN,∆Γ1d ≈ IN
(
1− (∆Γ1d)2
8Γ21d
N
)
and
IN,τ & IN (1−NΓ1dτ) for ∆Γ1d  Γ1d and NΓ1dτ  1,
respectively. Summarising, one must ensure simultaneously
that N(∆Γ1d)2/Γ21d  1 and NΓ1dτ  1 in order to guar-
antee quantum-enhanced metrology.
Finally, let us now briefly discuss imperfections in the in-
terferometer and in the measurement. In Sec. VF of the
Sup. Material, we find that photon loss in the interferome-
ter, quantified by a probability η, leads to a correction to the
QFI that is smaller than ηN2IN/4 (at first order in η), so that
one needs at most η  4.9N−2 to ensure Heisenberg scal-
ing. For sufficiently large N , Heisenberg scaling is eventually
lost with photon loss independently of the state into consider-
ation. Then, the quantum advantage just shows up as a bet-
ter prefactor in the scaling of the QFI with N [53, 54]. This
regime, which requires dealing with mixed states, will be dis-
cussed in a forthcoming publication [55], where we will show
that TMDS ofN photons have similar metrological properties
than twin-Fock states of ≈ 0.91N photons. Given that twin-
Fock states are known to be robust to photon loss, both in the
interferometer [56] and in the measurement device [43], we
expect TMDS to be a valuable resource for quantum-enhanced
metrology in the presence of photon loss in the interferometer
and in the apparatus [55].
QFI of anaharmonic cavities. Let us illustrate the poten-
tial of the tools we developed with another class of non-linear
photonic states appearing from anharmonic cavities [38],
where the non-linearity manifests as an non-linear energy
shift, i.e., ωn = nω0 + n(n− 1)U , while having linear decay
rates γn = nγ1. In Fig. 2 we plot the (∆ϕ)2 for the photonic
state emerging from the decay at N -th level of the anahar-
monic ladder for two values of U/γ1. Interestingly, we ob-
serve that Heinseberg scaling is lost for any value of U , as we
find numerically that IN ∝ 1/N for large enough N . This is
illustrated in Figure 2 for U/γ1 = 10, 103. This result shows
that different multimode states can have completely different
metrological properties, suggesting a rich relation between the
multimode structure and the potential for metrology of the
state. It also provides intuition on why TMDS behave sim-
ilarly than TFS, since in that case all photons are spectrally
centred at the same frequency ω0, thus being mostly indistin-
guishable.
Conclusions. To sum up, we have proven that photons
emitted from Dicke superradiant states [33] are useful for
quantum metrology. To show it, we derive a computation-
ally friendly way of calculating the QFI for arbitrary multi-
mode photonic wavepackets, illustrating its power with an-
other physically relevant example (photons emitted from an-
harmonic cavities). The number of photons that can be pro-
duced for a fixed fidelity scales exponentially with Γ1d/Γ∗.
State-of-art nanophotonic setups [28] have already achieved
ratios ≈ 60 with Γ1d ∼ 1 GHz, which indicates the possibil-
ity of generating hundred of photons at the level of 90% fi-
delities and GHz rates. Furthermore, most of the conclusions
can be extrapolated to other systems where collective decays
can be engineered, such as cavity QED setups [57–60]. We
foresee other possible applications in situations where Fock
states provide advantage, as it is the case in quantum lithogra-
phy [61].
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DERIVATION OF THE QUANTUM FISHER INFORMATION
To derive the Quantum Fisher Information of the TMS, we work in a more general setting of two different multi-mode states
incident on the two ports of the first beamsplitter. We write them as
|φ(m)A 〉 =
∫
...
∫
dk1...dkm
(2pi)mm!
Ak1...kma
†
k1
. . . a†km |0〉,
|φ(n)B 〉 =
∫
...
∫
dk˜1...dk˜n
(2pi)nn!
Bk˜1...k˜nb
†
k˜1
. . . b†
k˜n
|0〉.
Abusing notation, here we will also call the output modes of the interferometer by ak and bk. Then, the state after the beam
splitter and the phase operation, |ψϕ〉 = UϕUBS|φ(m)A 〉 ⊗ |φ(n)B 〉, is given by
|ψϕ〉 =
∫
...
∫ ∏m,n
i,j=1 dkidk˜j
(2pi)m+nm!n!
Ak1...kmBk˜1...k˜nc
†
k1
. . . c†kmd
†
k˜1
. . . d†
k˜n
|0〉. (SM1)
where we defined the creation operators c†k ≡ c†k(ϕ) = UϕUBSa†kU†BSU†ϕ = 1√2
(
e−iϕ/2a†k + e
iϕ/2b†k
)
, and respectively for
d†k ≡ d†k(ϕ) = 1√2
(
−e−iϕ/2a†k + eiϕ/2b†k
)
.
For calculating the QFI of |ψϕ〉 one has to take the derivative, which turns c†k (d†k) into i2d†k ( i2c†k). This leads to
|ψ˙ϕ〉 =
(
i
2
)m+n
2
∫
...
∫ ∏m,n
i,j=1 dkidk˜j
(2pi)m+nm!n!
Ak1...kmBk˜1...k˜n
(
md†k1d
†
k˜1
+ nc†k1c
†
k˜1
)
c†k2 . . . c
†
km
d†
k˜2
. . . d†
k˜n
|0〉. (SM2)
where we used the symmetry of Ak1···km and Bk1···kn under permutations of k’s. The expressions
∣∣∣〈ψϕ|ψ˙ϕ〉∣∣∣ and 〈ψ˙ϕ|ψ˙ϕ〉,
which determine the QFI, can be evaluated by using the commutation relations
[
cp, d
†
k
]
=
[
dp, c
†
k
]
= 0,
[
cp, c
†
k
]
=
[
dp, d
†
k
]
=
2piδ(p− k). It is clear that, ∣∣∣〈ψϕ|ψ˙ϕ〉∣∣∣ = 0 (SM3)
as |ψϕ〉 and |ψ˙ϕ〉 contain a different number of c’s and d’s. To compute 〈ψ˙ϕ|ψ˙ϕ〉, we use the symmetry of Ak1···km and Bk1···kn ,
which allows us to take one representative of each of the ck’s or dk˜’s and multiply by the number of times it appears. One has to
evaluate an integral over correlation functions f(X) over the k’s and k˜’s, for which we introduce the shorthand notation∫
dXf(X) ≡
∫
...
∫ ∏m,n
i,j dkidk˜jdpidp˜j
(2pi)2(m+n)m!2n!2
A∗p1···pmB
∗
p˜1···p˜nAk1···kmBk˜1···k˜nf(X) (SM4)
Then we can write
〈ψ˙ϕ|ψ˙ϕ〉 = 1
4
∫
dX 〈0|dp˜n . . . dp˜2cpm . . . cp2 (mdp1dp˜1 + ncp˜1cp˜1)
(
md†k1d
†
k˜1
+ nc†k1c
†
k˜1
)
c†k2 . . . c
†
km
d†
k˜2
. . . d†
k˜n
|0〉
=
1
4
∫
dXm2
([
dp1 , d
†
k1
]
(m− 1)
[
cp2 , c
†
k2
]
n
[
dp˜1 , d
†
k˜1
]
+ n
[
dp1 , d
†
k˜1
]
n
[
dp˜1 , d
†
k1
]
(m− 1)
[
cp2 , c
†
k2
])
× (m− 2)!
m∏
i=3
[
cpi , c
†
ki
]
(n− 1)!
n∏
j=2
[
dp˜j , d
†
k˜j
]
+m↔ n
=
1
4
∫
dX m!n!
m∏
i=2
2piδ(pi − ki)
n∏
j=2
2piδ(p˜j − k˜j)
×
[
(m+ n)(2pi)2δ(p1 − k1)δ(p˜1 − k˜1) + 2nm(2pi)2δ(p1 − k˜1)δ(p˜1 − k1)
]
=
1
4
(
(m+ n)I
(0)
AB + 2mnI
(1)
AB
)
. (SM5)
8where the I(0)AB and I
(1)
AB read:
I
(0)
AB =
∫
...
∫ ∏m,n
i,j=1,1 dkidk˜j
(2pi)m+nm!n!
|Ak1,...,km |2
∣∣∣Bk˜1,...,k˜m∣∣∣2 = 1, (SM6a)
I
(1)
AB =
∫
...
∫ ∏m,n
i,j=1,1 dkidk˜j
(2pi)m+nm!n!
A∗k1,...,kmB
∗
k˜1,...,k˜n
Ak˜1,k2,...,kmBk1,k˜2...,k˜n , (SM6b)
where in I(1)AB the two indices k1 and k˜1 have been exchanged in one of the coefficients. The QFI is then given by:
FQ [ψϕ] = 4
(
〈ψ˙ϕ|ψ˙ϕ〉 −
∣∣∣〈ψϕ|ψ˙ϕ〉∣∣∣2) = 2mnI(1)AB +m+ n.
This provides the desired result.
Finally, we note that this result can be easily generalised to states of the form
|φ(m)A 〉 =
∫
...
∫
dk1...dkm
(2pi)mm!
Ak1...kma
†
k1
. . . a†km |0〉,
|φB〉 =
∑
n
cn
∫
...
∫
dk˜1...dk˜n
(2pi)nn!
B
(n)
k˜1...k˜n
b†
k˜1
. . . b†
k˜n
|0〉.
That is, when an arbitrary pure with m photons enters one arm, and an arbitrary pure state enters into the other. By noting that
states with a different total photon number do not mix, we can use our previous derivation to arrive at the following QFI of
|ψ′ϕ〉 = UϕUBS|φ(m)A 〉 ⊗ |φB〉,
FQ
[
ψ′ϕ
]
= 2m
∑
n
(
|cn|2nI(1),nAB
)
+m+ 〈n〉 (SM7)
with 〈n〉 = ∑n |cn|2n, and
I
(1),n
AB =
∫
...
∫ ∏m,n
i,j=1,1 dkidk˜j
(2pi)m+nm!n!
A∗k1,...,kmB
(n)∗
k˜1,...,k˜n
Ak˜1,k2,...,kmB
(n)
k1,k˜2...,k˜n
. (SM8)
This result extends one of the results of Ref. [43] on Fock states to arbitrary photonic states of a fixed photon number. We also
note that this result holds for pure states, leaving the extension to mixed states as an interesting challenge for the future.
PARITY MEASUREMENT
We now show that a parity measurement after the second beamsplitter transformation of the MZI locally resolves the phase
at the Heisenberg limit when n = m = N/2, which is the case of main interest. Strictly speaking, this is achieved in the limit
ϕ→ 0, but one can always add phase shifters during the estimation processing so that this does not rest generality [1, 4].
The measurement operator can be written as O = U†BS(−1)
∫
dk
2pi a
†
kakUBS, where the beamsplitter transformation is generated
by UBS = exp
[∫
dk
2pi i(a
†
kbk − b†kak)pi/4
]
, such that
O =
∏
k
e−(a
†
kbk−b†kak)pi/4eipia
†
kake(a
†
kbk−b†kak)pi/4 =
∏
k
ei(a
†
k−b†k)(ak−bk)pi/2. (SM9)
We used the transformation U†BSa
†
kUBS =
1√
2
(
a†k − b†k
)
. Because O2 = 1, the phase variance around ϕ ≈ 0 is
∆ϕ2 = lim
ϕ→0
〈∆O2〉
(∂ϕ〈O〉)2 = limϕ→0
1− 〈O〉2
(∂ϕ〈O〉)2 (SM10)
only depends on the expectation value 〈O〉 = 〈ψϕ|O|ψϕ〉.
9This expectation value can be evaluated by using the transformationsO(a†±b†)O† = ±(a†±b†), and thereforeOc†k(ϕ)O† =
c†k(−ϕ) and Od†k(ϕ)O† = −d†k(−ϕ). The expectation value
〈O〉 =
∫
...
∫ ∏m,m
i,j dkidk˜jdpidp˜j
(2pi)4mm!4
A∗k1···kmB
∗
k˜1···k˜mAp1···pmBp˜1···p˜m(−1)
m
× 〈0|ck1(ϕ) · · · ckm(ϕ)dk˜1(ϕ) · · · dk˜m(ϕ)c†p1(−ϕ) · · · c†pm(−ϕ)d
†
p˜1
(−ϕ) · d†p˜m(−ϕ)|0〉,
can then be further evaluated by using the commutation relations[
cp(ϕ), c
†
k(−ϕ)
]
=
[
dp(ϕ), d
†
k(−ϕ)
]
= 2piδ(p− q) cosϕ, (SM11a)[
cp(ϕ), d
†
k(−ϕ)
]
=
[
dp(ϕ), c
†
k(−ϕ)
]
= 2piδ(p− q)i sinϕ. (SM11b)
Because the commutators between ck and dk do not vanish, all indices can become mixed and the expectation value yields
〈O〉 =
m∑
l=0
(−1)l sin2l(ϕ) cos2(m−l)(ϕ)
(
m
l
)2
I(l)m , (SM12)
where the integrals I(l)m are the natural extension of (SM6), i.e., in I
(l)
m l indices are exchanged in the integral. We note, that
I
(l)
j = I
(l)
m−j such that one can reduce the number of calculations if they are necessary.
By observing that ∂ϕ〈O〉
∣∣
ϕ=0
= 0 and 〈O〉ϕ=0 = I(0)m = 1, the variance of the measured phase can be calculated from the
second derivative,
∆ϕ2 = lim
ϕ→0
1− 〈O〉2
(∂ϕ〈O〉)2 = limϕ→0
−2〈O〉∂ϕ〈O〉
2∂ϕ〈O〉∂2ϕ〈O〉
=
(−∂2ϕ〈O〉∣∣0)−1 . (SM13)
The second derivative around ϕ ≈ 0 only contains the first two terms, for which the sine-terms vanish after the derivative, i.e.
−∂2ϕ〈O〉
∣∣
0
= 2m(mI
(1)
m + I
(0)
m ). Therefore, we reach the QCRB locally around ϕ ≈ 0,
∆ϕ2
∣∣
ϕ≈0 =
1
FQ[ψABϕ ]
. (SM14)
We note that for single-mode states I(l)N = 1, which leads to the result derived in Reference [44]. In that case the expectation value
〈O〉 = Pm [cos 2ϕ] can be expressed in terms of Legendre Polynomials Pm. In that case, the second derivative −∂2ϕ〈O〉
∣∣
0
=
4P ′m[1] is calculated with the help of the well-known result P
′
m[1] = m(m+ 1)/2.
TRANSFORMING THE BIDIRECTIONALWAVEPACKET INTO A UNIDIRECTIONAL ONE
Let us finally, give an example on how to merge the bidirectional wavepacket into a unidirectional one with the same metro-
logical properties. The wavepacket emitted from each atomic ensemble reads
|φ(N)A 〉 =
∫ ∞
−∞
...
∫ ∞
−∞
dk1...dkN
(2pi)NN !
A{k}a
†
k1
. . . a†kN |0〉. (SM15)
where the ki integrals run from (−∞,∞). This means that the wavepacket is actually emitted in both left/right directions. It
is possible however to join the left/right emission into a common wavepacket by joining both ends of the waveguide through a
50/50 beam splitter transformation. To make it more explicit, we can define rk/lk for the ak modes propagating to the right/left
(k ≷ 0), and rewrite the integral with integration ranges from (0,∞).
|φ(N)A 〉 =
∫ ∞
0
...
∫ ∞
0
dk1...dkN
(2pi)NN !
A{k}
[
r†k1 . . . r
†
kN−1r
†
kN
+ r†k1 . . . r
†
kN−1 l
†
kN
+ · · ·+ l†k1 . . . l
†
kN−1 l
†
kN
]
|0〉. (SM16)
The A{k} factorizes out from the sum because it has the symmetry ki → −ki since ω(k) ∝ |k|. Notice that now the sum can
also be written as a product:
|φ(N)A 〉 =
∫ ∞
0
...
∫ ∞
0
dk1...dkN
(2pi)NN !
A{k}
[
N∏
i=1
(l†ki + r
†
ki
)
]
|0〉. (SM17)
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If the l/r modes are used as inputs of a beam splitter such that the modes transform at the output ports C/D as c†ki =(
r†ki + l
†
ki
)
/
√
2 and d†ki =
(
−r†ki + l
†
ki
)
/
√
2. Then:
|φ(N)C 〉 =
∫ ∞
0
...
∫ ∞
0
dk1...dkN
(2pi)NN !
2N/2A{k}c
†
ki
|0〉. (SM18)
Since this state shares the same modal function, A{k}, than the original one the metrological properties can be shown to be the
same than the ones calculated in the main manuscript.
DERIVATION OF RECURRENCE RELATION
We now focus on the evaluation of the integral expression I(1)AB in the case of the same multi-mode input states, that is, for
m = n = N/2 and A{k} = B{k}. Since only the integral I
(1)
AB is relevant for the discussion, from now on, and in the main
manuscript we drop the superindex: I(1)AB ≡ IAB . If the input state is a product state, that is, if A{k} = 1√m!Ak1Ak2 · Akm
factorizes, the I2m ≡ IAA can be straightforwardly integrated in each ki and k˜i separately. This calculation yields I2m = 1, so
that the single mode result of FQ[ψFockϕ ] = N(N + 2)/2 is recovered.
On the other hand, the coefficient of the photonic state emitted from a chain of quantum emitters along a waveguide does not
factorize in this way, such that the evaluation of I2m requires additional effort. Because the multi-mode coefficients originate
from the exponential decay of the emitters,
A{k} = (−i)m
∫ ∞
0
∏
i
dti e
i
∑
i kitiT 〈0|Ot1Ot2 · · ·Otm |ψm〉, (SM19)
where Ot ≡ O(t) =
√
Γ1de
iHeff tSgee
−iHeff t with the effective Hamiltonian Heff = (∆ − iΓ∗2 )See − iΓ1d2 SegSge acts on the
symmetric Dicke states |ψm〉 = 1m!
(
N
m
)−1/2
Smeg|0〉. The action of the time ordering operator T on commuting operators is
defined as T Ot1Ot2 = θ(t1 − t2)Ot1Ot2 + θ(t2 − t1)Ot2Ot1 . Using this expression for the coefficients A{k} the integrals in
momentum space can be transformed to integrals in time,
I2m =
1
m!2
∫ ∞
0
∏
i,j
dtidsjT 〈0|Ot1Ot2 · · ·Otm |ψm〉∗〈0|Os1Os2 · · ·Otm |ψm〉∗
× 〈0|Os1Ot2 · · ·Otm |ψm〉〈0|Ot1Os2 · · ·Otm |ψm〉. (SM20)
Notice, that in the correlation functions one index is exchanged, in analogy with the expressions in momentum space, and that
the integral is symmetric with respect to the remaining ti/sj indices.
The integral can be evaluated recursively by picking a time ordering and integrating over the latest time τ ≥ max 6=τ{ti, si} ≡
T , and repeating this step on the next integral. The exponential decay then gives rise to the simple form of
∫∞
T
e−cτ = 1c e
−cT
if <(c) >0. Using these results, one can define three structurally different integrals, depending on whether one has already
integrated over one or both of the special (i.e., exchanged) indices t1 or s1,
F
(2)
ij =
∫ ∏
i′,j′
dti′dsj′T e−c
(2)
ij max{ti′ ,sj′}〈ψm−1−i|Ot1Ot2 · · ·Oti+1 |ψm〉∗〈ψm−1−j |Os1Os2 · · ·Osj+1 |ψm〉∗
× 〈ψm−1−i|Os1Ot2 · · ·Oti+1 |ψm〉〈ψm−1−j |Ot1Os2 · · ·Osj+1 |ψm〉, (SM21a)
F
(1)
ij =
∫ ∏
i′,j′
dti′dsj′T e−c
(1)
ij max{ti′ ,sj′}〈ψm−1−i|Ot1Ot2 · · ·Oti+1 |ψm〉∗〈ψm−j |Os2 · · ·Osj+1 |ψm〉∗
× 〈ψm−i|Ot2 · · ·Oti+1 |ψm〉〈ψm−1−j |Ot1Os2 · · ·Osj+1 |ψm〉, (SM21b)
F
(0)
ij =
∫ ∏
i′,j′
dti′dsj′T e−c
(0)
ij max{ti′ ,sj′}〈ψm−i|Ot2 · · ·Oti+1 |ψm〉∗〈ψm−j |Os2 · · ·Osj+1 |ψm〉∗
× 〈ψm−i|Ot2 · · ·Oti+1 |ψm〉〈ψm−j |Os2 · · ·Osj+1 |ψm〉, (SM21c)
The integrals only run over the remaining time variables {ti′} and {sj′} and we have introduced the exponents c(2)ij =
γm−1−i + γm−1−j , c
(0)
ij = γm−i + γm−j , and c
(1)
ij = (c
(2)
ij + c
(0)
ij )/2. The decay rates are given by γj = j(N − j + 1)Γ1d
defined through Γ1dSegSge|ψj〉 = γj |ψj〉. Note that these integrals always converge because c(2/1/0)ij > 0.
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FIG. SM1. The recurrence relation of F (2/1/0)ij to calculate Im can be represented pictorially, here on the example of m = 3. The solid
lines represent the terms of the recurrence relation in between every group F (n) → F (n), whereas the dashed lines correspond to the terms
F (2) → F (1) and F (1) → F (0). By grouping the elements in terms of the number of excitations, or equivalently the number of remaining
time integrals, one can evaluate the recurrence relation efficiently.
By integrating over the latest time, one can remove one operatorOti orOsj from the above expressions until one ends up with
F
(0)
00 = 1. This motivates the fact that the integral
I2m =
1
m!2
F
(2)
m−1,m−1 (SM22)
can be evaluated by a recurrence relation (see also Figure SM1). Let us understand the structure of the recurrence relation on the
example of F (2)ij . If the largest time is one with a regular index t2, ... ti+1 (for which there are i possibilities), we use the fact
that
〈ψm−1−i|Oti+1 =
√
γm−ie−(γm−i−γm−i−1)ti+1/2〈ψm−1−i|. (SM23)
This term appears twice such that the integral gives a prefactor γm−i
c
(2)
ij +(γm−i−γm−i−1)
= γm−i
c
(2)
i−1,j
. The remaining integral is then of
the form F (2)i−1,j . The same holds if the largest time is one of s2, ... sj+1. If the largest time is s1 (or equivalently t1), then after
the integration over this variable, the remaining integral is of the form F (1)ij . By carefully calculating all these steps, we find the
recurrence relation
F
(2)
ij =i
γm−i
c
(2)
i−1,j
F
(2)
i−1,j + j
γm−j
c
(2)
i,j−1
F
(2)
i,j−1 + 2
√
γm−iγm−j
c
(1)
i,j
F
(1)
i,j , (SM24a)
F
(1)
ij =i
√
γm−iγm−i+1
c
(1)
i−1,j
F
(1)
i−1,j + j
√
γm−jγm−j+1
c
(1)
i,j−1
F
(1)
i,j−1 +
√
γm−iγm−j
c
(0)
i,j
F
(0)
i,j , (SM24b)
F
(0)
ij =i
γm−i+1
c
(0)
i−1,j
F
(0)
i−1,j + j
γm−j+1
c
(0)
i,j−1
F
(0)
i,j−1, (SM24c)
F
(0)
00 =1. (SM24d)
The trick to evaluating this recurrence relation efficiently is to group elements of the same excitation subspace 0 ≤ k ≤ 2m
as in Figure SM1. Elements of this subspace are, for example, F (2)ij satisfying i + j + 2 = k and 0 ≤ i, j ≤ m − 1. By
applying one recursive step starting from k = 0, in which only F (0)00 = 1 lies, one moves to a subspace with one excitation more
k → k + 1 until k = 2m is reached. This subspace only contains the desired term F (2)m−1,m−1. For better numerical results it is
also recommendable to remove the factors of i and j by substituting F (n)ij = i!j!F˜
(n)
ij .
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ROBUSTNESS TO ERRORS
In this Section, we estimate how the different error sources affect our protocol, deriving the conditions under which they can
be neglected. In particular, we study the impact of i) free-space spontaneous emission, ii) finite propagation length of the modes,
iii) retardation effects due to finite group velocity, iv) different coupling to the waveguide of the two emitter ensembles, v) time
delay between the different wavepackets, and vi) photon loss in the interferometer.
Impact of Emission into Free Space
One of the greatest sources of decoherence in state-of-art waveguide QED systems is the possibility of emitting to other modes
different from the relevant waveguide one. We embed all these processes into a single decay rate, Γ∗, and describe through an
individual Lindblad decay terms as follows:
L∗[ρ] = Γ
∗
2
N∑
n=1
(
2σngeρσ
n
eg − σneeρ− ρσnee
)
(SM25)
With this extra term, the effective non-hermitian Hamiltonian governing the atomic state evolution contains now two contri-
butions: the collective and individual decay terms, which read:
Heff = −i
(
Γ1d
2
SegSge +
Γ∗
2
∑
n
σnee
)
, (SM26)
as well as the quantum jumps evolution:
J [ρ] = J1d[ρ] + J∗[ρ] , (SM27)
J1d[ρ] = Γ1dSgeρSeg , (SM28)
J∗[ρ] = Γ∗
∑
n
σngeρσ
n
eg . (SM29)
The formal evolution of ρ(t) can be formally integrated as a sum of different contributions: ρ(t) =
∑
j ρj(t) depending on
the number of quantum jumps, denoted by j, that has occurred during the evolution. In particular, the different ρj(t) can be
formally computed as:
ρ0(t) = S(t, t0)ρ(t0) , (SM30)
ρj≥1(t) =
∫ t
0
dt1S(t, t1)J [ρj−1(t1)] , (SM31)
where we have defined the following operator: S(t2, t1)[ρ] = e−iHeff tρeiH
†
eff t which gives the evolution under the non-hermitian
Hamiltonian. Since we assume an initial state |Ψ(0)〉 = |e〉⊗N and we are only interested in the probability of decaying to |g〉⊗N
only trough collective quantum jumps (denoted as p in the main text), we restrict our attention to the dynamics of the collective
atomic states with m excitations, that is, |m〉 ∝ SN−mge |Ψ(0)〉, that we denote as:
Pm(t) = 〈m|ρ(t)|m〉 . (SM32)
Using this notation P0(t → ∞) ≡ p. Since only collective quantum jumps participate in the evolution of Pm(t), their
dynamics can be calculated straightforwardly from Eqs. SM30-SM31. First, note that the non-Hermitian Hamiltonian only
connect states with the same number of excitations, such that:
S(t2, t1) [|m〉〈m|] = |m〉〈m|e−[Γ1dm(N−m+1)+mΓ∗](t2−t1) (SM33)
For example, the evolution of the higher excited state is simply given by:
PN (t) = e
−(Γ1d+Γ∗)Nt . (SM34)
From here, the evolution of the pm<N (t) can be calculated recursively using Eq. SM31:
Pm(t) = m(N −m+ +1)Γ1d
∫ t
0
dt1e
−[(m−1)(N−m+2)Γ1d+(m−1)Γ∗](t−t1)Pm+1(t) . (SM35)
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FIG. SM2. (a) Pm(t) for a situation with N = 20 and P1d for different m ranging from m = N = 20 (red) to m = 0 purple. Inset: Integrated
population P¯m =
∫∞
0
Pm(t)dt with the parameters. (b) 1− P0(t→∞) [1− p] as a function of P1d for N = 10 (black squares), N = 100
(blue spheres) and N = 1000 (red triangles).
Using these formulas one can calculate the dynamics of Pm(t) for all m and set of parameters, N , Γ1d and Γ∗. To gain
intuition from the decay process, we start calculating Pm(t) for a situation with Γ∗ = 0, that we show in different colors in
Fig. SM2(a) for a situation with N = 20 QEs. We start observing a collective decay from the highly excited state (in red)
m = N = 20, as the lower excited levels starts building up population until it gets accumulated in m = 0. From this figure, it
may look as if the transient time through the higher excited states was faster than in the smaller ones. However, by looking into
the averaged time population:
P¯m =
∫ ∞
0
dtPm(t) . (SM36)
which we plot in the inset of the Figure, we observe that in fact the average time spent in each of the levels distribute symmet-
rically around m = N/2 + 1. Thus, when considering Γ∗ 6= 0, the main source of errors will come from the upper part of the
ladder m ≈ N , since the decay rate into free-space is proportional to the number of excitations ∼ mΓ∗.
In Fig. SM2(b) we show the effect of Γ∗ 6= 0 on p, which is the relevant parameter to estimate the lower bound of the QFI
given in the main text. In particular, we plot the scaling of 1 − p as a function of P1d = Γ1dΓ∗ for several N ’s as depicted in the
legend. We observe that the exact calculation of 1− p obtains the same scaling, log(N)/P1d, as we show in the main text with
a simplified description of the losses.
This error scaling can also be obtained by estimating the timescale of the superradiant decay as the sum of the different decay
timescales of Pm(t), which leads to:
τSR ≈
N∑
j=1
1
Γ1dj(N − j + 1) ∼
log(N)
NΓ1d
(SM37)
With this timescale, one can easily upper bound the error of 1 − p by multiplying this timescale by the maximum error rate,
NΓ∗, from the higher excited state. This results into an upper bound
1− p ≤ NΓ∗τSR ≈ log(N)
P1d
, (SM38)
which has the same scaling as the one observed in the numerical simulations.
Finite lifetime of waveguide modes
Another possible source of decoherence is the finite lifetime of the photonic waveguide modes, which appears due to absorp-
tion or imperfections in the material which leads to scattering into other modes. These photonic losses affect the metrological
properties during and after the N -photon emission. The effect of the losses after the wavepacket has been emitted can be consid-
ered as noise within the interferometric process, which have been well studied in the literature [4], leading to a loss of Heisenberg
scaling for large N . Since this is a common limitation of all metrological protocols, we focus on the effect of photon losses
during the emission of the N -photon wavepacket.
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During the emission of the waveguide, the finite lifetime of waveguide modes induce a finite propagation of waveguide modes,
Lprop, which spoils the collective behaviour of the emitter interactions as follows:
Γm,n = Γ1de
−|xn−xm|/Lprop . (SM39)
To be able to neglect this correction, the propagation length of the modes has to be much larger than the system size, that is,
Lprop  Nλa, where we have assumed a separation between atoms of the order of λa, required to have the perfect collective
behaviour. The propagation length of the modes is approximately given by [35]:
Lprop
λa
≈ Q
2ng
, (SM40)
where Q is the experimental quality factor of the waveguide modes, whereas ng is the so-called group index, which measures
the reduction of the speed of light within the waveguide. Thus, the inequality that must be satisfied is that:
Q
2ng
 N . (SM41)
State-of-the-art numbers with SiN waveguides [26] are Q ≈ 106 and ng ≈ 10, which gives Lprop/λa ≈ 5 × 104. Since this
size is even larger than typical waveguide lengths, this correction will be typically small.
Retardation effects: validity of the Markov approximation
All the calculations shown in this manuscript, including the one of the spectral shape of the wavepacket, A{q}, are performed
by using a Born-Markov master equation describing the atomic dynamics as written in the main text. The underlying assumption
of this equation is that the bath timescales are faster than the emitter ones. In particular, the emergence of superradiant behaviour
as predicted by Dicke superradiance requires that the propagation time of the photons between all the emitters is faster than the
fastest emitter timescale. The maximum propagation time for a system with N emitters is given by:
τprop =
Nλa
vg
. (SM42)
where vg = c/ng is the group velocity of the photons in the waveguide. The fastest atomic timescale occurs in the middle of the
Dicke Ladder, where the decay rate scales with ∼ Γ1dN2/4. Thus, the condition that must be satisfied is that:
τprop  4
Γ1dN2
→ N3  4c
ngλaΓ1d
(SM43)
Using state-of-art numbers of Γ1d ∼ 2pi × 6 MHz, ng ≈ 10 and λa = 300 nm, we find 4c/(ngλaΓ1d) ∼ 107, which implies
N < 200. Moreover, by making use of a Raman transition one can decrease Γ1d, while at the same time attenuating Γ∗ such
that P1d remains fixed.
Different Purcell Factors between wavepackets
Until now we have assumed that the ensembles generating the multi-mode state |φNA 〉 are coupled with the same decay rate,
Γ1d, to the waveguide modes. Let us now assume they are different, that is, that they are coupled with Γ1d and Γ′1d, respectively.
Note, that this does not affect the norm of the state, but it does change the integral IN . This can still be evaluated by a similar
recurrence relation as in (SM24). The only difference is that in every numerator one has to replace γj →
√
γjγ′j and in every
denominator, that is in every c(l)ij , γj → 12
(
γj + γ
′
j
)
. Because γ′j = γj
Γ′1d
Γ1d
every step of the recurrence relation gets an additional
factor of
√
Γ′1d/Γ1d
1
2 (1+Γ′1d/Γ1d)
. As there are N steps in the recurrence relation, the integral IN has to be replaced by
IN,∆Γ1d =
(
2
√
Γ1dΓ′1d
Γ1d + Γ′1d
)N
IN = IN
(
1− N
8
(
∆Γ1d
Γ1d
)2
+O
[(
∆Γ1d
Γ1d
)3])
, (SM44)
where ∆Γ1d = (Γ1d − Γ′1d).
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Time Delay between Wavepackets
Another deviation from the ideal situation appears if the wavepackets emitted from the first/second ensemble does not arrive
simultaneously to the beam splitter. This can occur if either the collective pi-pulse exciting the ensembles is not perfectly
simultaneous or the travelling path between the two wavepackets is not exactly matched. In both cases, they will give rise to a
time delay, τ , between the two wavepackets. This time delay enters in the integral IN as follows:
IN,τ =
∫
...
∫ ∏n
i=1 dkidk˜i
(2pi)2nn!n!
A∗k1,...,knA
∗
k˜1,...,k˜n
Ak˜1,k2,...,knAk1,k˜2...,k˜ne
−iτ(k1−k˜1), (SM45)
where n = N/2 and τ the delay between the wavefronts. By transforming this integral in momentum space to an integral in
time space, we find that it is equivalent to
IN,τ =
1
n!2
∫ ∞
0
∏
i
dti
∫ ∞
−τ
∏
j
dsjθ(t1 − τ)e−γnτ 〈0|T Ot1Ot2 · · ·Otm |ψn〉∗〈0|T Os1Os2 · · ·Otm |ψn〉∗
× 〈0|T Os1Ot2 · · ·Otm |ψn〉〈0|T Ot1Os2 · · ·Otm |ψn〉, (SM46)
where θ(x) is the Heaviside function. One can find a similar recurrence relation, which one can lower bound by noting that∫∞
T
dt θ(t−τ)e−ct ≥ θ(T−τ) ∫∞
T
dt e−ct. This means, that the Heaviside function appears in every remaining integral after the
integral over t1 has been performed. The final integral is then either of the form
∫∞
0
dt θ(t− τ)e−γnt or ∫∞−τ ds θ(s− τ)e−γns,
which both yield an additional factor of e−γnτ in addition to the integral one would have to perform without the time delay.
Therefore, the integral IN,τ is lower bounded by
IN,τ ≥ e−2γnτIN = e−2γN/2τIN ≈ IN
(
1−NΓ1dτ +O
[
(NΓ1dτ)
2
])
. (SM47)
One can compare this to the single-mode result, for which one obtains
IN,τ = e
−γ1τ ≈ 1−NΓ1dτ/2 +O
[
(NΓ1dτ)
2
]
. (SM48)
Photon loss in the interferometer
In this section, we characterise the first order corrections due to photon loss in one arm of the interferometer. This is described
by a beam splitter that mixes the modes bk with an external mode (ek) in the vacuum state with a reflection coeffficient
√
η. That
is,
bk −→
√
1− ηbk +√ηe†k. (SM49)
We also focus in the case m = n = N/2 and for twin-states A = B. Due to the mixing (SM49) the state |ψϕ〉 changes as
|ψϕ〉 −→ |ψϕ〉noise =
∫
...
∫ ∏m,n
i,j=1 dkidk˜j
(2pi)2nn!2
Ak1...knAk˜1...k˜n∏
j
1
2
(
e−iϕ/2a†kj + e
iϕ/2(
√
1− ηb†kj +
√
ηe†kj )
)(
−e−iϕ/2a†
k˜j
+ eiϕ/2(
√
1− ηb†kj +
√
ηe†kj )
)
|0〉.
(SM50)
After tracing out over the undesired mode ek ∀k the state can be written as,
ρ = Tre
(|ψϕ〉noise〈ψϕ|noise) = N∑
j=0
pjσ
(j) (SM51)
where σ(j) is a state that has lost j photons into the modes ek. Because each state has a different photon number, it follows
FQ[ρ] =
N∑
j=0
pjFQ[σ
(j)]. (SM52)
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The computation of FQ[σ(j)] is challenging because the σ(j)’s with 1 ≤ j < N are mixed states when the state is multimode.
The techniques developed here only allow us for dealing with pure states, and we leave the development of techniques to compute
the QFI of mixed multimode states as an interesting problem for the future. Here, instead, we focus in the regime of small losses
and characterise the first order corrections to the QFI due to photon loss.
We now focus on the limit η  1, and in what follows we will only keep first order corrections in η (so that ≈ stands for
equality up to corrections of order O(η2)). We focus on the state σ(0), which is a pure state σ(0) = |ψ(0)ϕ 〉〈ψ(0)ϕ | as no photons
have been lost. We have, p0σ(0) = |ψ˜(0)ϕ 〉〈ψ˜(0)ϕ | with the non-normalised state
|ψ˜(0)ϕ 〉 =
∫
...
∫ ∏n
i,j=1 dkidk˜j
(2pi)2nn!2
Ak1...knAk˜1...k˜n c˜
†
k1
. . . c˜†kn d˜
†
k˜1
. . . d˜†
k˜n
|0〉. (SM53)
where we defined
c˜†k =
1√
2
(
e−iϕ/2a†kj + e
iϕ/2
√
1− ηb†kj
)
≈ c†kj −
ηeiϕ/2
2
√
2
b†kj
d˜†k =
1√
2
(
−e−iϕ/2a†kj + eiϕ/2
√
1− ηb†kj
)
≈ d†kj −
ηeiϕ/2
2
√
2
b†kj . (SM54)
Expanding |ψ˜(0)ϕ 〉 at first order in η we obtain,
|ψ˜(0)ϕ 〉 ≈
∫
...
∫ ∏n
i,j=1 dkidk˜j
(2pi)2nn!2
Ak1...knAk˜1...k˜n
(
c†k1d
†
k˜1
− nηe
iϕ/2
2
√
2
(b†k1d
†
k˜1
+ c†k1b
†
k˜1
)
)
c†k2 . . . c
†
kn
d†
k˜2
. . . d†
k˜n
|0〉
=
∫
...
∫ ∏n
i,j=1 dkidk˜j
(2pi)2nn!2
Ak1...knAk˜1...k˜n
(
c†k1d
†
k˜1
− nη
4
(2c†k1d
†
k˜1
+ d†k1d
†
k˜1
+ c†
k˜1
c†k1
)
c†k2 . . . c
†
kn
d†
k˜2
. . . d†
k˜n
|0〉
(SM55)
where we used the symmetry of Ak1...kn and Bk˜1...k˜n over permutations. By a similar calculation of the ones performed in the
previous sections, and recalling that ck (dk) commutes with d
†
k (dk), one obtains,
〈ψ˜(0)ϕ |ψ˜(0)ϕ 〉 ≈ 1− nη. (SM56)
Hence, we have that,
p0 ≈ 1− nη (SM57)
and σ(0) = |ψ(0)ϕ 〉〈ψ(0)ϕ | with
|ψ(0)ϕ 〉 ≈
1√
1− nη |ψ˜
(0)
ϕ 〉 ≈
(
1 +
nη
2
)
|ψ˜(0)ϕ 〉
=
∫
...
∫ ∏n
i,j=1 dkidk˜j
(2pi)2nn!2
Ak1...knAk˜1...k˜n
(
c†k1d
†
k˜1
− nη
4
(d†k1d
†
k˜1
+ c†
k˜1
c†k1)
)
c†k2 . . . c
†
kn
d†
k˜2
. . . d†
k˜n
|0〉 (SM58)
To compute the corrections to the QFI, consider
|ψ˙(0)ϕ 〉 ≈
∫
...
∫ ∏n
i,j=1 dkidk˜j√
1− nη(2pi)2nn!2Ak1...knAk˜1...k˜n(
nd†k1d
†
k˜1
c†k2d
†
k˜2
+ nc†k1c
†
k˜1
c†k2d
†
k˜2
− nη
4
[
2c†k1d
†
k˜1
c†k2d
†
k˜2
+ 2nd†k1c
†
k˜1
c†k2d
†
k˜2
+ (n− 1)d†k1d
†
k˜1
d†k2d
†
k˜2
+ (n− 1)c†k1c
†
k˜1
c†k2c
†
k˜2
])
c†k3 . . . c
†
kn
d†
k˜3
. . . d†
k˜n
|0〉. (SM59)
Using the short-hand notation∫
dXf(X) ≡
∫
...
∫ ∏n
i,j dkidk˜jdpidp˜j
(2pi)4nn!4
A∗p1···pnA
∗
p˜1···p˜nAk1···knAk˜1···k˜nf(X). (SM60)
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we proceed to compute
〈ψ(0)ϕ |ψ˙(0)ϕ 〉 ≈
−nη
4
(∫
dX〈0|cp1 · · · cpndp˜1 · · · dp˜n
(
2c†k1d
†
k˜1
c†k2d
†
k˜2
+ 2nd†k1c
†
k˜1
c†k2d
†
k˜2
)
c†k3 . . . c
†
kn
d†
k˜3
. . . d†
k˜n
|0〉
+ n
∫
dX
[
〈0|cp1 · · · cpncp˜1dp˜2 · · · dp˜nc†k1 . . . c
†
kn
c†
k˜1
d†
k˜2
. . . d†
k˜n
|0〉+ c↔ d
])
=
−nη
4
(
2 + 2nI2n + n
∫
dX
[
〈0|cp1 · · · cpncp˜1dp˜2 · · · dp˜nc†k1 . . . c
†
kn
c†
k˜1
d†
k˜2
. . . d†
k˜n
|0〉+ c↔ d
])
, (SM61)
and the second term yields,∫
dX〈0|cp1 · · · cpncp˜1dp˜2 · · · dp˜nc†k1 . . . c
†
kn
c†
k˜1
d†
k˜2
. . . d†
k˜n
|0〉
=
∫
dX
(
[cp˜1 , c
†
k˜1
](n− 1)!
n∏
i=2
[dp˜i , c
†
k˜i
]n!
n∏
i=1
[cpi , c
†
ki
] + n[cp˜1 , c
†
k1
]n[cp1 , c
†
k˜1
](n− 1)!
n∏
i=2
[dp˜i , c
†
k˜i
](n− 1)!
n∏
i=2
[cpi , c
†
ki
]
)
=
1
n
+ I2n, (SM62)
putting everything together,
〈ψ(0)ϕ |ψ˙(0)ϕ 〉 = −
N
2
η
(
1 +
N
2
IN
)
+O(η2) (SM63)
where we used that n = N/2. A similar derivation yields,
〈ψ˙(0)ϕ |ψ˙(0)ϕ 〉 =
N2
2
IN +N +O(η2) (SM64)
and hence
FQ[ψ
(0)
ϕ ] ≈ FQ[ψϕ]−
N2ηIN
4
(SM65)
where FQ[ψϕ] is the QFI without losses and we considered only dominant terms in η and N . Note that this is a conservative
bound, since we expect the other terms in Eq. SM52, where more photons have been lost, to also contribute to the QFI.
